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In this work we study the occurrence of finite-time cosmological singularities in a cosmological
system comprising from three fluids. Particularly, the system contains two dark fluids, namely that
of dark energy and dark matter, which are interacting, and of a non-interacting baryonic fluid. For
the study we adopt the phase space approach by constructing the cosmological dynamical system in
such a way so that it rendered to be an autonomous polynomial dynamical system, and in order to
achieve this, we appropriately choose the variables of the dynamical system. By employing a rigid
mathematical framework, that of dominant balances analysis, we demonstrate that there exist non-
singular solutions of the dynamical system, which correspond to a general set of initial conditions,
which proves that no Big Rip or Type III finite-time singularities occur in this LQC multifluid
dynamical system. Thus the new feature of this work is that we are able to do this using an analytic
technique instead of adopting a numerical approach. In addition, we perform a fixed point analysis
of the cosmological dynamical system, and we examine the behavior of the total effective equation
of state parameter, at the fixed points, as a function of the free parameters of the system. Finally,
we investigate the phenomenological implications of the dark energy equation of state which we
assumed that it governs the dark energy fluid.
PACS numbers:
I. INTRODUCTION
Singularities in cosmology occur in various theoretical contexts, like for example modified gravity [1–6] or even
multifluid cosmology [7–15]. The definition of a singular point in cosmology was given some time ago from Hawking
and Penrose [16], and most of the theorems proven by them make use of the null energy condition and also of
the facts that at a singular point of the spacetime, geodesics incompleteness occurs and also the curvature scalars
diverge. Although in modified gravity the null energy condition may be different in general in comparison to the
Einstein-Hilbert case (see for example [17]), it is generally accepted that the geodesic incompleteness and also that
the divergence of the curvature invariants, strongly indicate the presence of a crushing singularity. The singularities
in cosmology vary in their effects, and a complete classification of these was performed in [18]. In any case, the
singularities to our opinion could be viewed as alternative physics windows in our classical world and have an intrinsic
and appealing interest. In particular, finite-time singularities and especially the crushing types, could be viewed as
either flaws or shortcomings of the classical theory, or even a doorway to the quantum description of general relativity
(especially the initial singularity). This is due to the fact that these cannot be dressed in a similar way to the spacelike
singularities of black holes for instance, so their presence casts uncertainty to the predictions of a classical gravitational
theory. Thus in general, although singular spacetimes have some interest, due to the fact that closed timelike curves
can be “absorbed”, or more formally be deformed on these, the presence of singularities indicates the inability of the
theoretical framework to capture the complete physical description of spacetime.
Quantum theories of gravity though offer a remedy to the singularity problems of classical cosmology. One particu-
larly interesting framework is that of Loop Quantum Cosmology (LQC) [7–15], in which singularities are removed to
a great extent, see for example [19]. In this work we shall investigate a multifluid cosmological system in the context
of LQC focusing on the question whether the quantum framework actually removes the finite time singularities. This
problem is addressed for the single fluid case in Ref. [19], however, the presence of multiple fluids perplexes the
mathematical problem to a great extent. To this end, we shall appropriately form the cosmological equations in such
a way, so that these form an autonomous dynamical system of polynomial form, and we shall use a powerful theorem
from dynamical systems [20]. In this way we shall be able to answer in a firm way whether LQC actually makes the
resulting theory singularity-free.
The study of multifluids is in general a quite fertile ground for theoretical modelling of our Universe’s evolution,
since at present time, the driving force of the accelerated expansion of our Universe, and also of the nature of dark
2matter, is still unknown. With regard to dark matter, speculations of it’s particle nature exist for many years [21],
however, no direct evidence is given for the moment favoring the existence of a Weakly Interacting Massive Particle,
although future experiments might reveal such possibility, see [21] for an extensive account of this topic. The dark
energy problem though is quite more evolved, and various proposals exist in the literature, among which modified
gravity is quite promising [1–6]. Another quite promising possibility, is that both dark energy and dark matter are
described by interacting fluids. In the literature, the fluid cosmology possibility has been extensively studied, see for
example [22–40]. This possibility is supported by the fact that the dark energy sector dominates overwhelmingly over
the dark matter sector after galaxy formation. Moreover, there are hints that dark matter and dark energy depend
on each other, and specifically due to the degeneracy of the dark energy models, it is impossible to measure Ωm, as
was shown in [41]. Interacting dark energy-dark matter systems are studied in the literature, see for example Refs.
[42–58] for an important stream of works. In this paper we shall work with a mixture of three fluids, two modelling
dark energy and dark matter, which shall be assumed to have an interaction, and also a baryonic fluid, which will not
interact with the other two fluids. These three fluids shall be required to obey the LQC equations of motion, and in
order to study the occurrence of finite-time singularities, we shall introduce some appropriately chosen dimensionless
variables, and we shall form the cosmological equations in such a way so that the resulting dynamical system is an
autonomous polynomial dynamical system (for works invoking cosmological dynamical systems, see for example [59–
82]. The reason for this is the fact that the general analytic study of the three fluid system is quite difficult in general.
Three fluid and two fluid models of the Universe in the context of LQC are studied in [57, 83–85]. Specifically, the
framework of the three aforementioned fluids was used in [57], in the context of a dynamical system analysis, but in
our case the dynamical system is completely different, for the purposes of finite-time singularities analysis that will
follow. The major outcome of this work is that we shall demonstrate in a formal way that finite-time singularities
are absent in LQC multifluid cosmology, at least crushing type singularities. The mathematical framework we shall
use was proposed sometime ago in Ref. [20], and we shall refer to it as dominant balance analysis. This framework
was used in cosmological context later on in Ref. [86]. In one of the following sections we shall briefly discuss the
main features of this analysis, and we shall use this technique in order to reveal the finite-time singularity structure
of the three fluid LQC system. Moreover, we shall study in some detail the phase space of the dynamical system of
the three and two fluids case, in order to see the attractors of it, and also their stability. Finally, we investigate the
phenomenological viability of the dark energy equation of state by confronting the theory with the observational data.
This paper is organized as follows: In section II we provide a brief introduction to the fundamental features of LQC,
by focusing on how the modified Friedmann equation of LQC is obtained. In section III we describe in detail the three
fluid cosmological system, and we introduce appropriate variables which will be used to construct an autonomous
polynomial dynamical system. After obtaining the cosmological dynamical system, we provide a brief overview of the
mathematical framework we shall use in order to study the occurrence of finite-time singularities, and we directly apply
the method for the cosmological system at hand. We also discuss the difference between a cosmological singularity
and of a dynamical system finite-time singularity. In section IV we investigate which are the fixed points of the
cosmological dynamical system, and we study the behavior of the total effective equation of state parameter, as
a function of the free variables of the cosmological dynamical system. In section V we discuss in some detail the
phenomenological implications of the dark energy equation of state which we assumed that controls this sector. We
also compare the singularity behavior of the single fluid Einstein-Hilbert theory with the LQC single fluid theory and
with the LQC interacting three fluids theory. Finally, the conclusions follow in the end of the paper.
Before getting into the details of this work, it is worth describing in brief the geometric background which we shall
assume to be a flat Friedmann-Robertson-Walker (FRW) metric,
ds2 = −dt2 + a(t)2
∑
i=1,2,3
(
dxi
)2
, (1)
where a(t) is the scale factor. Moreover, the Ricci scalar for the above metric is,
R = 6
(
H˙ + 2H2
)
, (2)
where H = a˙a is the Hubble rate.
II. A BRIEF REVIEW OF LOOP QUANTUM COSMOLOGY
In this section we present some fundamental features of holonomy corrected LQC, in order to have a brief and
compact idea of what LQC brings along in a cosmological setting. The main feature of spacetime in the context of
3LQC is that it has a discrete nature, quantified in the Hamiltonian of the quantum theory in terms of the holonomies
hj = e
− iλσj
2 , with σj being the Pauli matrices. By using the holonomies, the LQC Hamiltonian is equal to [87, 88],
HLQC = − 2V
γ3λ3
Σi,j,kǫ
ijkTr[hi(λ)hj(λ)h
−1
i (λ){h−1k , V }] + ρV , (3)
with γ = 0.2375 being the Barbero-Immirzi parameter. In addition, the parameter λ, which has dimensions of length,
is equal to, λ =
√√
3
2 γ = 0.3203 and this value corresponds to the square root of the smallest eigenvalue of the Loop
Quantum Gravity area operator [89]. Moreover, V is the volume of the spacetime, which for the FRW metric (1)
is equal to V = a3 and in addition, ρ stands for the total effective energy density of the Universe. The parameter
β appearing in the holonomies, is the canonically conjugate variable of V , and the Poisson bracket of these two is
{β, V } = γ2 . By calculating the trace of the Hamiltonian, we obtain [90, 91],
HLQC = −3V sin
2(λβ)
γ2λ2
+ ρV , (4)
and in conjunction with the Hamiltonian constraint HLQC = 0 we obtain the LQC version of the FRW equation,
which is,
sin2(λβ)
γ2λ2
=
ρ
3
. (5)
In view of the Hamiltonian equation V˙ = {V,HLQC} = − γ2
∂HLQC
∂β , then we obtain,
H =
sin(λβ)
γλ
, (6)
or written differently,
β =
arcsin(2λγH)
2λ
. (7)
Combining Eqs. (7) and (5), we get,
sin2(λarcsin(2λγH)2λ )
γ2λ2
=
ρ
3
. (8)
It is then a matter of some algebra to get the LQC version of the Friedmann equation, which is,
H2 =
ρ
3
(
1− ρ
ρc
)
. (9)
The parameter ρc is of crucial importance in LQC, since it is the maximum allowed value of the energy density of
the Universe, and it is equal to ρc =
3
γ2λ2
∼= 258. Practically, this parameter quantifies the quantum effects in the
LQC Friedmann equation, so when the limit ρc →∞ is taken, the classical Friedmann equation is obtained, namely
H2 = ρ3 . In the following we shall make extensive use of the LQC Friedmann equation, by assuming that the total
energy density comprises of three fluids, two of which are interacting. Up to date, the LQC background dynamics is
well understood [92]. With regard to the perturbations issue, there exist various approaches in LQC, for example the
deformed algebra method [93] and the dressed metric scenario [94]. The main open issues are firstly to reduce the
gap with the mother theory [95], secondly to take into account trans-Planckian effects [96] and thirdly to develop a
concrete numerical LQC [97]. These are challenges for LQC, but it a promising theoretical framework so we believe
that these issues will be firmly addressed in the near future.
III. LQC INTERACTING MULTIFLUIDS AND THEIR DYNAMICAL SYSTEM
In this section we shall present the theoretical framework of the gravitational theory we shall assume to control
the Universe’s evolution. As we already mentioned in the introduction, three fluids are considered present in the
Universe, two of which interact and correspond to dark energy and dark matter, and a non-interacting baryonic fluid.
4Also in order to capture the most general effects on the dark energy sector, we shall add a bulk viscosity term in the
dark energy fluid. This will allow us to examine a quite general situation. In the context of LQC, the cosmological
equation corresponding to the flat FRW metric of Eq. (1) becomes,
H2 =
κ2ρtot
3
(
1− ρtot
ρc
)
, (10)
where with ρtot we denote the total energy density of all the matter fluids present in the Universe, hence it is equal
to,
ρtot = ρm + ρd + ρb , (11)
and ρc is the critical density defined below Eq. (9). In the above equation ρm, ρd and ρb stand for the energy density of
dark matter, the energy density of dark energy and the energy density of the baryons respectively. By differentiating
Eq. (10) with respect to the cosmic time we get,
H˙ = −κ
2
2
(ρm + ρd + ρb + ptot)
(
1− 2ρm + ρd + ρb + ptot
ρc
)
, (12)
with ptot denoting the total pressure of the matter fluids and effectively this is equal to the pressure of the dark energy
fluid pd, since dark matter and baryonic matter are pressure-less. Also the equation of state (EoS) for the dark energy
fluid shall be assumed to be as follows [33],
pd = −ρd −Aκ4ρ2d , (13)
where A is real parameter, which is dimensionless. In a later section we shall examine the phenomenological implica-
tions of such a dark energy EoS. From the energy-momentum conservation, we obtain the following equations for the
energy densities,
ρ˙b + 3Hρb = 0 (14)
ρ˙m + 3Hρm = Q
ρ˙d + 3H(ρd + pd) = −Q ,
with Q denoting the interaction term between the dark sectors of the above fluids. It is conceivable that when Q > 0,
the dark energy sector loses energy, while when Q < 0, the dark matter fluid loses energy. A phenomenologically
interesting form of the interaction term Q is the following [98–102],
Q = 3H(c1ρm + c2ρd) , (15)
where c1, c2 must be simultaneously positive or negative, for physical consistency reasons.
Having the gravitational equations of the LQC three-fluid system, namely Eqs. (10) and (12), we shall now
form a dynamical system by appropriately choosing the dimensionless variables in order to obtain an autonomous
dynamical system of polynomial form. Then, by using a concrete mathematical framework for polynomial autonomous
dynamical systems, developed in [20], we shall investigate whether the dynamical system has singular solutions,
that is, whether the variables develop a finite-time singularity. Also we shall investigate whether these finite-time
singularities of the dynamical system are also cosmological singularities, and this discrimination between cosmological-
physical singularities and of dynamical system singularities must always be done. The theorems we shall use for the
autonomous polynomial dynamical system were performed firstly in Ref. [20], and were later applied in a cosmological
framework in Ref. [86]. At a later section we shall briefly describe this method of Ref. [20] in order to maintain the
article self-contained. Before we proceed, it is vital to make the discrimination between a dynamical system singularity
and of a physical cosmological singularity. The classification of physical cosmological finite-time singularities was firstly
performed in Ref. [18], and the singularities are classified as follows,
• Type I Singularity (“Big Rip Singularity”): Crushing type singularity, it is a metric singularity. It is a future
spacelike singularity, and in this case at a time instance t = ts, the scale factor a(t), the total energy density
ρeff and the total pressure peff , diverge. Note that the energy density and the pressure are physical quantities
defined on a three dimensional spacelike hypersurface, so these diverge for a Big Rip, and also only for the Big
Rip singularity the scale factor diverges at t = ts.
• Type II Singularity (“Sudden Singularity”): This is also known as pressure singularity [103, 104], and in this
case, only the total effective pressure diverges, while the scale factor and the energy density remain finite at
t = ts.
5• Type III Singularity: In this case, the total effective energy density and the total effective pressure diverge at
t = ts, while the scale factor remains finite.
• Type IV Singularity: The most soft from a phenomenological point of view, since all the physical quantities
defined on the three dimensional spacelike hypersurface t = ts, are finite, and only the higher derivatives of the
Hubble rate diverge at t = ts. The phenomenological implications of this singularity type, were studied in Refs.
[105–109].
The major contribution of this work in the study of cosmological finite-time singularities, is that we will prove
analytically that no singular solutions exist for the cosmological dynamical system. In the case that only the dark
energy fluid was present, it is easy to show that for the EoS appearing in Eq. (44) for a LQC framework, a Type
III cosmological singularity occurs, see for example [18, 19]. However, for the three-fluids system it is impossible to
show this in an analytic way. This gap will be filled by our results, which prove that LQC actually makes all the
singularities disappear. Let us now demonstrate how an autonomous dynamical system of polynomial type can be
obtained by combining Eqs. (10), (12) and (14). We make the following choice of the dynamical variables,
x1 =
κ2ρd
3H2
, x2 =
κ2ρm
3H2
, x3 =
κ2ρb
3H2
, z =
H2
κ2ρc
. (16)
Also the variables xi, i = 1, 2, 3 and z are constrained for all cosmic times, to obey the Friedmann constraint, which
in the case of LQC is the following,
x1 + x2 + x3 − z (x1 + x2 + x3)2 = 1 . (17)
The Friedmann constraint (17) will prove to be very crucial for the determination of solutions of the dynamical system.
In addition, the total EoS parameter weff of the three fluids system, is written in terms of the dynamical variables
(16), in the following way,
weff = −x1 − 3Ax21z . (18)
By combining Eqs. (10), (12) and (14), for the choice of the dynamical variables (16), after quite some algebra, we
obtain the following dynamical system,
dx1
dN
= −κ
2Q
3H3
+ 9Ax31z − 27Ax21z + 3wdx21 − 3wdx1 − 18x31z + 3x21 + 3x1x2 + 3x1x3 − 3x1 (19)
− 18wdx31z − 18wdx21x2z − 36x21x2z − 36x21x3z − 18x1x22z
− 54Ax41z2 − 54Ax31x2z2 − 54Ax31x3z2 − 18wdx21x3z − 36x1x2x3z − 18x1x23z ,
dx2
dN
=
κ2Q
3H3
+ 9Ax21x2z + 3wdx1x2 − 18x21x2z + 3x1x2 + 3x22 + 3x2x3 − 3x2
− 18wdx21x2z − 18wdx1x22z − 36x1x22z − 36x1x2x3z − 18x32z
− 54Ax31x2z2 − 54Ax21x22z2 − 54Ax21x2x3z2 − 18wdx1x2x3z − 36x22x3z − 18x2x23z ,
dx3
dN
= 9Ax21x3z − 18wdx21x3z + 3wdx1x3 − 18x21x3z + 3x1x3 + 3x2x3 + 3x23 − 3x3
− 18wdx1x2x3z − 18wdx1x23z − 36x1x2x3z − 36x1x23z − 18x22x3z − 36x2x23z
− 54Ax31x3z2 − 54Ax21x2x3z2 − 54Ax21x23z2 − 18x33z
dz
dN
= −9Ax21z2 + 18wdx21z2 − 3wdx1z + 18x21z2 − 3x1z − 3x2z − 3x3z
18wdx1x2z
2 + 18wdx1x3z
2 ++36x1x2z
2 + 36x1x3z
2 + 18x22z
2
54Ax31z
3 + 54Ax21x2z
3 + 54Ax21x3z
3 ++36x2x3z
2 + 18x23z
2 ,
where instead of the cosmic time, we used the e-foldings number N . Also, for Q chosen as in Eq. (15), the terms
containing Q in the dynamical system (19), become in terms of the variables x1 and x2 as follows,
κ2Q
3H3
= 3c1x2 + 3c2x1 . (20)
In the following we shall investigate the finite-time singularity structure of the above dynamical system, by also
discriminating physical from dynamical system singularities. This analysis shall be performed in the next section.
6A. Dominant-Balance Singularity Analysis of Autonomous Dynamical Systems
Having obtained a polynomial type autonomous dynamical system corresponding to the three fluid dynamical
system of the previous section, we now proceed to the concrete singularity structure analysis of the solutions. Our
aim is to investigate whether general singular solutions exist, that is, if some of the solutions x1(N), x2(N), x3(N)
and z(N) become singular at some finite-time instance, for general initial conditions. It is important to note that the
condition for having solutions for general initial conditions is compelling. Before we discuss the physical significance
of the singular solutions, if these exist, we shall briefly review the dominant balance analysis of Ref. [20], in order to
render the article self-contained.
Particularly, in Ref. [20], the authors provided sufficient conditions for the finite-time singularity occurrence of a
polynomial autonomous dynamical system, of any dimension. Hereafter we shall name this theoretical framework
“dominant balance analysis”. The method is particularly simple and rigid, consider for example an autonomous
n−dimensional dynamical system of the form,
x˙ = f(x) , (21)
where x is a real vector of Rn, and f(x) = (f1(x), f2(x), ..., fn(x)) is some real polynomial vector. A finite-time
singularity of the dynamical system above, is formally a singularity that depends on the initial conditions chosen for
the dynamical system. To be specific, the singular solution will in general have the form (t− tc)−p, where tc is some
arbitrary constant determined by the initial conditions. Consider for example the one dimensional dynamical system
dy
dx =
1
x2y2 , which has the solution y = (
1
x − c)−1, with c being an integration constant. Obviously, the solution is
singular at 1x = c, so this singularity is a moving singularity, which strongly depends on the initial conditions. The
method is simple and consists of the following steps:
• In order to determine the existence of general solutions of the dynamical system that may become singular at
finite-time, it is required to find truncations (decompositions) of the function f(x) appearing in Eq. (21), in
dominant and subdominant parts. Obviously, the behavior near the singularities is controlled by the dominant
truncation, denoted as fˆ(x), and the dynamical system reduces to,
x˙ = fˆ(x) . (22)
In principle, there are multiple ways to find dominant truncations, but the theorem may work even for one of
these, once the conditions that ensure a general solution, are satisfied. Also, the vector fˆ(x) is constructed by
using a single polynomial term for each of it’s n-dimensional entries. Now for each xi, i = 1, 2, ..., n of the vector
x, we write,
x1(τ) = a1τ
p1 , x2(t) = a2τ
p2 , ...., xn(t) = anτ
pn , (23)
and it is required that the solution x may be written in ψ-series in terms of the parameter τ = t− tc, where tc
stands for the singularity time instance. The rest of the method is very simple conceptually, since by substituting
the xi’s appearing in Eq. (23) in Eq. (22), for each different entry of fˆ corresponding to each xi, one should
simply equate the powers of the resulting polynomials. In effect, this determines the parameters pi, i = 1, 2, ..., n,
with the first constraint in the solutions being that only fractional numbers or integers numbers are allowed for
the pi’s. By using the found pi’s, the vector ~p = (p1, p2, ..., pn) is formed, which has a significance in the rest
of the method. Having found the pi’s, by equating the coefficients of the polynomials in Eqs. (22), (23), the
coefficients ai are determined, and then the vector ~a = (a1, a2, a3, ...., an) can be constructed, which is called
dominant balance. The constraint here is that only non-zero dominant balances are allowed, so we form the
dominant balance (~a, ~p).
• The rest of the method-theorem of Ref. [20] is simple matrix algebra. If the dominant balance ~a =
(a1, a2, a3, ...., an) is complex for some ai’s, or even one of these, then the dynamical system has no finite-time
singularities, and it has if ~a = (a1, a2, a3, ...., an) is real, see [20] for the proof and details on this.
• What no remains is to ensure the existence of general initial solutions that may or may not be singular. There
is a rigid way to determine the existence of general solutions, by calculating the Kovalevskaya matrix R,
R =


∂fˆ1
∂x1
∂fˆ1
∂x2
∂fˆ1
∂x3
... ∂fˆ1∂xn
∂fˆ2
∂x1
∂fˆ2
∂x2
∂fˆ2
∂x3
... ∂fˆ2∂xn
∂fˆ3
∂x1
∂fˆ3
∂x2
∂fˆ3
∂x3
... ∂fˆ3∂xn
...
...
...
. . .
...
∂fˆn
∂x1
∂fˆn
∂x2
∂fˆn
∂x3
... ∂fˆn∂xn


−


p1 0 0 · · · 0
0 p2 0 · · · 0
0 0 p3 · · · 0
...
...
...
. . . 0
0 0 0 · · · pn

 , (24)
7at the non-zero balance ~a found in the previous step. If the method is applied in a correct way, the eigenvalues
of the Kovalevskaya matrix R(~a) are required to have the form (−1, r2, r3, ..., rn).
• Now the generality of the solutions is ensured if all the eigenvalues r2, r3, ..., rn are positive. Hence if we found
previously that ~a is real for all it’s entries, and also ri > 0, i = 2, 3, ..., n, then general singular solutions exist. If
the eigenvalues are positive, and also ~a is complex for some entries, then no singular solutions exist, and hence
no general initial conditions may lead to singular solutions for the xi’s. In all other cases, the solutions are
degenerate or a small set of initial conditions leads to these.
• Finally, if a general singular is found, then the singularity occurs in the orthant of the xi configuration space
corresponding to ai. For example if a singular behavior is found, and a2 < 0, then the singularity occurs for
negative values of x2.
In the next subsection we shall apply this method for the dynamical system (19). Before getting into the details
of this analysis, it is vital at this point to discuss an important issue, namely the difference between a physical
cosmological finite-time and a dynamical system finite-time singularity. Basically speaking, this crucially depends
on the choice of the variables of the dynamical system. In our case, for the variables chosen as in Eq. (16), a
dynamical system singularity in the parameter z clearly indicates either a Big Rip singularity or a Type III physical
singularity, due to the fact that the total energy density would diverge. Hence in this case, a crushing type singularity
is possibly underlying the dynamical system. Now a singularity in the variables xi crucially depends on the fact if
the parameter z ∼ H2 is singular, in which case the energy densities would possibly diverge. The general case can be
quite complicated, and a full account on this delicate issue will be given elsewhere, for the Einstein-Hilbert case of
the three-fluid system. However, it will prove that in our case such an analysis is not required, since the dynamical
system certainly does not contain finite-time singularities, as we now demonstrate.
B. Dominant Balance Analysis of the three-fluid Cosmological Dynamical System
Let us now apply the method of the previous section to the dynamical system (19), in order to investigate when the
singularities do not occur, or equivalently, when general non-singular solutions occur. As we demonstrate, the general
solutions of the dynamical system are non-singular, or to put formally, there exist general initial conditions that lead to
non-singular solutions of the dynamical system. Of course there exist limited sets that may lead to singular solutions,
but as we stated, these are limited sets, so of limited interest. Our main interest will be on solutions originating from
general initial conditions.
Since the dynamical system (19) is expressed in terms of the e-foldings number N , we assume that the variables
x1(N), x2(N), x3(N) and z(N) near the singularities take the following form at leading order,
x1(N) = a1(N −Nc)p1 , x2(N) = a2(N −Nc)p2 , x3(N) = a3(N −Nc)p3 , z(N) = a4(N −Nc)p4 , (25)
and in effect we look for balances of the form (~a, ~p), with the vectors ~a and ~p having the following form,
~a = (a1, a2, a3, a4), ~p = (p1, p2, p3, p4) . (26)
We can write the dynamical system (19) as d~xdN = f(~x), where the vector ~x has the form ~x = (x1, x2, x3, z), and also
the vector function f(x1, x2, x3, z) is equal to,
f(x1, x2, x3, z) =


f1(x1, x2, x3, z)
f2(x1, x2, x3, z)
f3(x1, x2, x3, z)
f4(x1, x2, x3, z)

 , (27)
8where the functions fi(x1, x2, x3), i = 1, 2, 3, 4 are given below,
f1(x1, x2, x3, z) = 3c1x2 + 3c2x1 + 9Ax
3
1z − 27Ax21z + 3wdx21 − 3wdx1 − 18x31z + 3x21 + 3x1x2 + 3x1x3 − 3x1 (28)
− 18wdx31z − 18wdx21x2z − 36x21x2z − 36x21x3z − 18x1x22z
− 54Ax41z2 − 54Ax31x2z2 − 54Ax31x3z2 − 18wdx21x3z − 36x1x2x3z − 18x1x23z ,
f2(x1, x2, x3, z) = 3c1x2 + 3c2x1 + 9Ax
2
1x2z + 3wdx1x2 − 18x21x2z + 3x1x2 + 3x22 + 3x2x3 − 3x2
− 18wdx21x2z − 18wdx1x22z − 36x1x22z − 36x1x2x3z − 18x32z
− 54Ax31x2z2 − 54Ax21x22z2 − 54Ax21x2x3z2 − 18wdx1x2x3z − 36x22x3z − 18x2x23z ,
f3(x1, x2, x3, z) = 9Ax
2
1x3z − 18wdx21x3z + 3wdx1x3 − 18x21x3z + 3x1x3 + 3x2x3 + 3x23 − 3x3
− 18wdx1x2x3z − 18wdx1x23z − 36x1x2x3z − 36x1x23z − 18x22x3z − 36x2x23z
− 54Ax31x3z2 − 54Ax21x2x3z2 − 54Ax21x23z2 − 18x33z
f4(x1, x2, x3, z) = −9Ax21z2 + 18wdx21z2 − 3wdx1z + 18x21z2 − 3x1z − 3x2z − 3x3z
18wdx1x2z
2 + 18wdx1x3z
2 ++36x1x2z
2 + 36x1x3z
2 + 18x22z
2
54Ax31z
3 + 54Ax21x2z
3 + 54Ax21x3z
3 ++36x2x3z
2 + 18x23z
2 .
What now remains is to find truncations of the vector function f(x1, x2, x3, z) of Eq. (27), which will indicate wether
general non-singular solutions exist.
In principle there are many self-consistent possible truncations of the vector function f(x1, x2, x3, z), one of which
is,
fˆ(x1, x2, x3, z) =


3x1(N)x2(N)
3wdx1(N)x2(N) + 3x1(N)x2(N)
−54Ax1(N)2x3(N)2z(N)2
54Ax1(N)
2z(N)3x2(N)

 . (29)
Then by applying the method of the previous section, we easily obtain the ~p, which is,
~p = (−1,−1,−1, 1) . (30)
Accordingly, for the obtained solution ~p being as above, the only non-zero vector-solution ~a is equal to,
~a1 =
(
− 1
3(wd + 1)
,−1
3
,−1
3
,−
√
−w2d − 2wd − 1√
2
√
A
)
. (31)
At this point let us investigate when the vector ~a is complex, and it is easy to see that when A < 0, it is always real,
and when A > 0, it is always complex. Then according to the theorems we discussed in the previous section, when
A > 0, there are non-singular solutions, and when A < 0 there exist singular solutions. Also note that the case A = 0
leads to inconsistencies, since the ~a blows up, so no concrete conclusion can be obtained.
Now it remains to check if the singular or non-singular solutions are general, that is, if these originate from general
initial conditions. The answer to this question can be obtained by calculating the Kovalevskaya matrix on ~a. By
doing this, we obtain,
R1 =


0 − 1wd+1 0 0−wd − 1 − wdwd+1 − 1wd+1 + 1 0 0
2(w2d+2wd+1)
wd+1
0
2(w2d+2wd+1)
(wd+1)2
+ 1
2
√
2
√
A
√
w2
d
+2wd+1
3(wd+1)2
2(w2d+2wd+1)
wd+1
0
2(w2d+2wd+1)
(wd+1)2
2
√
2
√
A
√
w2
d
+2wd+1
3(wd+1)2
− 1

 , (32)
and the corresponding eigenvalues can be easily calculated, and these are,
(r1, r2, r3, r4) = (−1, 1, r,r+) , (33)
where r± are equal to,
r± =
√
2
√
A
√
(wd + 1)2 ±
√
2
√
(wd + 1)2 (A+ 18(wd + 1)2) + 3wd(wd + 2) + 3
3(wd + 1)2
. (34)
9It is obvious that a general conclusion can be obtained only for A > 0, and it can be checked that when A and wd
satisfy the following inequality,
√
2
√
A
√
(wd + 1)2 + 3wd(wd + 2) + 3 >
√
2
√
(wd + 1)2 (A+ 18(wd + 1)2) , (35)
the eigenvalues (33) are always positive, for all positive A. Hence, in this case, there exist non-singular solutions of the
dynamical system, which are general and therefore correspond to general initial conditions. When the inequality does
not hold true, then the eigenvalue r− becomes negative, and hence the solutions of the dynamical are not general and
correspond to a limited set of initial conditions. Therefore, we demonstrated that for the complicated system of three
fluids, the LQC framework leads to solutions which do not develop a finite-time singularity for a quite general set of
initial conditions. Actually, our analysis for the variables chosen as in Eq. (16), clearly demonstrate the absence of all
Types I, Type II and Type III singularities. For the Type III and Type I case, this is clear since the variable z never
diverges, it is non-singular. Also for the Type II case, the same argument applies, since H2 is finite, and from Eq.
(44) it can be seen that the pressure can never diverge. Actually, the pressure of the cosmological system corresponds
to the pressure of the dark energy fluid, since the rest of the fluids are pressureless. As for the Type IV case, the
fact that the variable z and also H˙ are non-singular (see the expression (12)), does not guarantee the finiteness of
the higher derivatives of the Hubble rate. Hence it might be possible that Type IV singularities might occur in the
system, but with the theoretical framework we used, it is not possible to see this, at least in the dynamical system
level.
Thus as in most cases related to LQC, in this case too, the LQC framework completely erases the singularity
occurrence in the theory, at least the crushing and pressure singularities. It is worth having a qualitative idea of the
phase space of the three fluids, and in the next section we will study the fixed points of the cosmological system under
study.
IV. FIXED POINT ANALYSIS OF THE LQC MULTIFLUID COSMOLOGICAL MODEL AND
BEHAVIOR OF THE EQUATION OF STATE
In this section we shall find the fixed points of the cosmological system of the three fluids and we shall investigate
their stability. At the end of the section we shall investigate the behavior of the total EoS parameter, given in Eq.
(18), as a function of the free parameters of the theory, namely the EoS parameter of the dark energy and of c1,
c2. The fixed points of the dynamical system can be found using standard techniques of dynamical systems, and a
complete answer on the stability of fixed points can be found by using the linearization technique [110–112]. If the
fixed point is hyperbolic, that is, if the eigenvalues of the linearization matrix have non-zero real parts, the stability
is easy to be determined. If all the eigenvalues have negative real part, the fixed point is stable, and if one eigenvalue
is positive, then the fixed point is unstable. Let us denote the fixed points of the dynamical system (19) with φ∗, and
also the Jacobian matrix of the linearized dynamical system near at each fixed point as J (g), which is equal to,
J =
∑
i
∑
j
[ ∂fi
∂xj
]
. (36)
By solving the equation f(x1, x2, x3, z) = 0, where the function f(x1, x2, x3, z) appears in Eq. (27), we obtain the
following fixed points for the dynamical system (19),
φ∗1 = {x1 → 0, x2 → 0, x3 → 0}, (37)
φ∗2 = {x1 → 0, x2 → 0, x3 → 0, z → 0},
φ∗3 = {x1 → 0, x2 → 0, x3 → 1, z → 0},
φ∗4 =

x1 →
−
√
(c1 − c2 − wd)2 + 4c1wd − c1 + c2 + wd
2wd
, x2 →
c2
1
wd
+
c1
√
(c1−c2−wd)2+4c1wd
wd
− c1c2wd + c1
2c1
, x3 → 0, z → 0


φ∗5 =

x1 →
√
(c1 − c2 − wd)2 + 4c1wd − c1 + c2 + wd
2wd
, x2 →
c2
1
wd
− c1c2wd −
c1
√
(c1−c2−wd)2+4c1wd
wd
+ c1
2c1
, x3 → 0, z → 0

 .
The first two fixed points are not hyperbolic, as it can be checked, and only the fixed points φ∗3, φ
∗
4 and φ
∗
5 are
hyperbolic, that is, the corresponding Jacobian matrix of the linearized system has eigenvalues with non-zero real
parts. We omit the explicit form of the corresponding eigenvalues, since these are quite lengthy to be presented
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here. A thorough analysis of the parameter space, leads to the general conclusion that the fixed points are unstable,
regardless if wd is positive or negative, and for all the values of c1, c2 (recall that the latter two must have the same
sign for physical consistency).
Let us now investigate the behavior of the EoS, by remembering that A must be positive in order to have general
solutions for the dynamical system, which are non-singular, as we demonstrated in the previous section. Recall that
the total EoS parameter is given in Eq. (18), so let us evaluate it at the values of xi, i = 1, 2, 3 and z, corresponding
to the unstable fixed points. For our numerical analysis we shall fix the value of the dark energy EoS parameter wd
to be a quintessential value, for example wd = −0.5 and also for a phantom value wd = −1.5. In Fig. 2 we present
the contour plot of the values of the total EoS parameter as a function of c1 and c2 for wd = −0.5 (left plot) and
for wd = −1.5 in the ranges c1 = [−0.5, 0.5] and c2 = [−0.5, 0.5]. The values of weff from left to right in each plot
correspond to the range weff = [−2, 1]. As it can be seen, various cosmological evolutions may be realized with the
three fluid cosmological system, varying from a phantom era, to a quintessential and also to a mater dominated era
as a limiting case (the right region in the contour plots).
-0.4 -0.2 0.0 0.2 0.4
-0.4
-0.2
0.0
0.2
0.4
-0.4 -0.2 0.0 0.2 0.4
-0.4
-0.2
0.0
0.2
0.4
FIG. 1: Contour plot of the values of the total EoS parameter weff as a function of c1 and c2 for wd = −0.5 (left plot) and
for wd = −1.5 (right plot) in the ranges c1 = [−0.5, 0.5] and c2 = [−0.5, 0.5]. The values of weff from left to right in each plot
correspond to the range weff = [−2, 1].
V. PHYSICAL IMPLICATIONS OF THE DARK ENERGY EQUATION OF STATE
For the considerations made in the previous sections, we used an EoS for the dark matter fluid which contains
quadratic powers of the energy density, namely the one appearing in Eq. (44). In principle, a quite more general
equation of state could be used, including for example powers of the Hubble rate, and thus including viscosity effects.
We chose however the simplest of all the choices in order to simplify the calculations, however the outcomes of this
study would be phenomenologically similar, namely the singularities would not appear in the loop quantum theory. In
this section we shall investigate the phenomenological implications of the EoS (44), in the context of LQC. Particularly,
we shall be interested in observational data and constraints imposed on the luminosity distance moduli of Type IA
supernovae, which we take from the Supernova Cosmology Project [113], and also to Baryon Acoustic Oscillations,
quantified by the phenomenological parameter A [114, 115]. We shall adopt the notation and analysis of [116] which
we extend in the context of LQC. Also we shall compare the classical theory with the LQC theory, and we discuss
the types of singularities that occur in the single fluid description of the classical theory, for the EoS (44).
Let us start off our analysis with the comparison of the classical theory with the LQC theory. In the case of the
classical theory, an EoS of the form (44) corresponding to an interacting dark energy-dark matter fluids system filling
the Universe, unavoidably leads to finite-time singularities, and particularly to Type III singularities, as was shown
in Ref. [18]. In the single dark energy fluid case of LQC, the singularities are erased [19], and the same applies to
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our case, in which three fluids are present. Therefore, the LQC framework provides a singularity-free cosmological
description of the dark energy era. We gather the results in Table I. Now let us proceed to the phenomenological
TABLE I: Singularity Occurrence in Classical and LQC Description for the EoS pd = −ρd − Aκ
4ρ2d
Classical Case: Interacting Dark Energy-Dark Matter Fluids Physical Type III Singularity.
LQC case: Single Dark Energy Fluid No finite-time singularity
LQC case: Three Cosmological Fluids No finite-time singularity
implications of the dark energy EoS (44), in the context of LQC. Consider first the data on the luminosity distance
modulus of Type IA supernovae, which if the supernova is at a redshift z = a0/a− 1, the distance modulus is equal
to,
µ(z) = const + 5 logD(z) , (38)
where D(z) is the luminosity distance. The latter is given by the following formula,
D(z) =
c
H0
(1 + z)
∫ z
0
h−1(z)dz , (39)
where the function h(z) stands for,
h(z)2 =
ρd(z)
ρ0
, (40)
and ρd(z) is the energy density of the dark energy fluid, and ρ0 is the total energy density at present time. Also, c in
Eq. (39) is the speed of light and H0 is the Hubble rate at present time, which is approximately H0 = 72km/s. Let
us perform a statistical analysis for some sample redshifts, so we use the χ2SN statistics for the luminosity distance
moduli, and we calculate χ2SN , which is defined as,
χ2SN =
(µth − µobs)2
σ2µ
, (41)
where µth is the theoretical prediction, µobs is the observed value for the luminosity distance modulus, and σµ is the
standard deviation. Also the total χSN for a data set of redshifts, is equal to the sum of the corresponding χ
2
SN values
for each redshift. In order to proceed it is vital to have the energy density of the dark energy fluid as a function of the
redshift, and this can be found by using the continuity equation for the dark energy fluid, in LQC, which also contains
a non-trivial interaction term Q. By assuming that the interaction term has the form Q = 3Hc2ρd for simplicity,
from the continuity equation we obtain,
dρd = (3α− 3c2ρd)da
a
, (42)
where we have set α = Aκ4. Upon integration we obtain,
a
a0
= ρD0
(
c2 − αρ2d
ρd
) 1
c2
, (43)
where ρD0 is the current energy density of the dark energy fluid. By using the relation z = a0/a− 1, we can express
the dark energy density as a function of the redshift, which is,
ρd(z) =
√
4αc2ρ2D0 + (z + 1)
6c2 − (z + 1)3c2
2αρD0
, (44)
and by using the equalities ρD0 = ΩD0ρ0 = 3ΩD0H
2
0 , where ΩD0 ≃ 0.72, we get,
ρd(z) =
√
36αc2H40Ω
2
D0 + (z + 1)
6c2 − (z + 1)3c2
6αH20ΩD0
. (45)
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By using the above, we can perform a data analysis on the luminosity distance moduli, and obtain the χSN for a set
of redshifts. The phenomenologically viable cases are plenty, as it proves, since the presence of two free variables,
namely c2 and α, allows for many possible viable cases. We gather the results in Table II, and we note that the results
should be compared with the best fit of the observational data, which correspond to the ΛCDM model, which yield
χ2SN = 347.06 for ΩD0 ≃ 0.72. As it can be seen in Table II, there are many possible values of c2 and α which yield
phenomenologically acceptable results. In order to have a more concrete qualitative idea on how the parameters c2
TABLE II: The values of χ2SN for various (c2, α)
(c2, α) χ
2
SN
(10−8, 1000) 376.353
(2× 10−8, 1000) 364.748
(6× 10−8, 1000) 346.798
(7× 10−8, 1000) 344.321
(10−8, 100) 339.848
(10−8, 120) 342.626
(10−8, 140) 344.991
(10−8, 170) 347.992
and α affect the phenomenological implications of the dark energy model at hand, in Fig. (2), we present the contour
plot of χ2SN for various (c2 × 10−9, α) values. At it can be seen from Fig. (2), the phenomenologically acceptable
340
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FIG. 2: Contour plot of χ2SN for various (c2 × 10
−9, α) values. The horizontal axis corresponds to c2 and the vertical axis to α.
values of χ2SN , are obtained for a wide range of the parameters (c2 × 10−9, α), however it should be mentioned that
this feature is strongly model dependent. Nevertheless, a viable phenomenology can be obtained by appropriately
choosing the dark energy EoS.
Finally, let us briefly discuss the implications of the model at hand on the Baryon Acoustic Oscillations (BAO).
It was suggested [114, 115] that the measurement related to BAO should be related t the large scale correlation
function at 100h−1Mpc separations, using red galaxies. The most appropriate quantity to measure in this case, is the
parameter A, which is equal to,
A =
√
Ωm0h(z0)
−1
[ 1
z0
∫ z0
0
h−1(z)d z
]2/3
, (46)
where z0 = 0.35 and Ωm0 = 0.24. The observational constraints on A are A = 0.469 ± 0.017, and by studying the
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parameter space of the model at hand, it is easily seen that the theoretical prediction for the BAO parameter is way
too large in comparison to the observational constraint. For example, if α = 1.8 and c2 = 3.1, we get A = 53.3351,
and χ2SN = 347.57097. Thus the BAO constraint is not satisfied, although the observational constraints on the
luminosity distance modulus is respected. In principle, it is possible to modify the dark energy EoS, in order to obtain
validity with the observational data, for example by adding the term 1/ραd , a Chaplygin type gas generalization, the
dark energy EoS would lead to BAO compatible with observations [117]. However, a fractional EoS would make the
dynamical system analysis more involved, so we did not study this case, for the sake of simplicity. In principle though,
such a study is feasible.
As we already noted above, the model can be appropriately chosen so the resulting phenomenology is viable, in
this paper we chose the simplest case of a generalized EoS for the shake of simplicity of the calculations, but we
believe that if more complicated EoS’s are used, the qualitative results should be the same, and in effect finite-time
singularities would occur in three fluid models in the context of LQC.
Also a more appealing treatment should require to use the reduced χ2SN index, denoted as r, which is defined as the
fraction of χ2SN over the degrees of freedom, with the latter being the total number of the supernovae used minus the
free parameters of the theory. If r ≃ 1 then the model is acceptable observationally, and if r ≫ 1, the model is not so
appealing. Also if r ≪ 1, the statistical errors could be large. In this study we confined ourselves on the comparison
of the χ2SN obtained for the model at hand, with the one obtained from the ΛCDM model, however a more correct
treatment should use the reduced χ2 index. However we did not go into this analysis due to the fact that this is a
more focused study on the observational implications of such an EoS used, which was not our main aim. In principle
the resulting picture would be comparable to the ΛCDM picture, since we use only two extra parameters.
VI. CONCLUSIONS
In this paper we investigated the finite-time singularity structure of the cosmological dynamical system correspond-
ing to three cosmic fluids in the context of LQC. The three fluids consist of the two dark sector fluids, namely the
dark energy and dark matter fluids, which were assumed to have a non-trivial interaction term, and in addition of a
baryonic fluid which is not interacting with the rest of the two fluids. For the dark energy fluid we assumed a quite
general equation of state, in order to take into account all the possible scenarios for this sector. The approach we
adopted in order to investigate the existence of finite-time cosmological singularities, was fully analytic and relied
upon a rigid theorem of dynamical systems, which enabled us to explicitly answer the question whether finite-time
singularities occur. As we demonstrated, the LQC cosmological system has surely general non-singular solutions, and
with general, it is meant that these solutions correspond to a very general set of initial conditions. In addition, we
demonstrated that singular solutions also may be found, if some requirements are met, however these solutions corre-
spond to a limited set of initial conditions, and therefore are not general solutions. Moreover, we should note that we
discussed the difference of a physical finite-time singularity and of a singularity corresponding to a dynamical system.
This discrimination is vital, and some overlap between the two systems exists, if the variables of the dynamical system
are such, that they allow for physical conclusions to be made. In the case at hand, the form of the variables of the
dynamical system allowed to demonstrate that the three fluids system in the context of LQC will never develop Type
I (Big Rip) or Type III singularities. Thus the LQC context in this case too, actually removes the crushing type
finite-time singularities from the cosmological theory, and the major contribution of this work is that we were able to
prove this analytically, in terms of a rigid mathematical framework, without invoking numerical treatments. In order
to achieve this, the dynamical system variables were chosen in such a way so that the resulting dynamical system is an
autonomous polynomial dynamical system. Finally, in order to have a quantitative idea of what are the new physics
that LQC introduces in the three fluids system, we studied the dark energy EoS and we performed a comparison of
the three fluids case with the single dark energy fluid case. In the classical single dark energy fluid case, finite-time
singularities could not be avoided, and also in the LQC case of a single dark energy fluid, no singularities occur [19],
at least for the dark energy EoS we used. As we analytically showed with our work, the same applies for the three
fluids LQC case and we provided sufficient proofs in an analytic way.
In principle, more general dark energy equations of state can be used, however we focused on a simple generalized
form of the pd = −ρd case, which was pd = −ρd − Aρ2d. In this case the calculations were proven simpler, and the
dynamical system could be handled analytically by using the mathematical theorem proved in [20]. We should note
that more general integer powers for the energy density the equation of state can be used, namely pd = −ρd − Aρnd ,
n > 2, or even including powers of the Hubble rate, in order to include some higher order viscosity contributions,
however no fractional powers of the energy density are allowed, that is when n < 1. This case would require another
approach, since the resulting dynamical system would not be polynomial type, and hence no concrete answer on the
finite-time singularity structure of the cosmological dynamical system can be made.
Finally, we need to discuss a question that naturally springs to mind, namely whether the non-occurrence of finite-
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time singularities could have been anticipated by the inherent structure of LQC. This is a challenging theoretical
question, it is possible that the fact of having a modified and constrained Friedmann equation, may actually constrain
the dynamics of the Universe so that finite-time singularities do not occur. This is not an easy issue to discuss
theoretically, however all the studies in LQC finite-time singularities, strongly indicate that these disappear from
the theory, and in addition the present study indicates that this occurs even in the case of the presence of various
cosmological fluids by using the dynamical systems approach. Therefore this is a indirect proof that the inherent
structure of LQC crucially affects the development of finite-time singularities.
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